Non-probabilistic convex model utilizes a convex set to quantify the uncertainty domain of uncertain-but-bounded parameters, which is very effective for structural uncertainty analysis with limited or poor-quality experimental data. To overcome the complexity and diversity of the formulations of current convex models, in this paper, a unified framework for construction of the non-probabilistic convex models is proposed. By introducing the correlation analysis technique, the mathematical expression of a convex model can be conveniently formulated once the correlation matrix of the uncertain parameters is created. More importantly, from the theoretic analysis level, an evaluation criterion for convex modelling methods is proposed, which can be regarded as a test standard for validity verification of subsequent newly proposed convex modelling methods. And from the practical application level, two model assessment indexes are proposed, by which the adaptabilities of different convex models to a specific uncertain problem with given experimental samples can be estimated. Four numerical examples are investigated to demonstrate the effectiveness of the present study.
Introduction
The physical parameters used to describe a structure or system in practical engineering are often uncertain due to geometrical imperfections, model inaccuracies, external interferences, etc. As the principal way for quantification of these physical uncertainties, the probabilistic methods have been successfully applied to various engineering problems. However, in practical engineering, the credible probability models may not available if experimental data are insufficient [1] . To deal with the difficulty that sufficient information on the uncertain parameters are often unavailable due to limitations of test conditions or cost in practical engineering, the non-probabilistic convex modelling approach [2] [3] [4] [5] [6] , has been developed since the early 1990s. The non-probabilistic convex modelling approach advocates representation of uncertain parameters by a convex set, which relies upon knowledge of the variation bounds of the parameters. Compared to the precise probability distribution functions, the variation bounds are much easier to obtain, since it generally needs only a small number of experimental data or just the experience of engineers.
It should be pointed out that convex model approach does not represent only a single model; 2 instead it represents a model set. Presently, interval model and ellipsoid model are two kinds of the most commonly used models in this area. In interval model, the uncertainty of a single variable is described through its upper and lower bounds. The uncertainty domain is then depicted as a 'multidimensional box' for a multidimensional problem. For ellipsoid model, it is assumed that the parametric uncertainty lies within a 'multidimensional ellipsoid'. The degree of uncertainty and the degree of correlation of the variables are described by the size and shape of the ellipsoid. In theory, interval model can deal only with problems involving independent uncertain variables, while the ellipsoid model can deal only with dependent variables. Based on interval model, the anti-optimization analysis [7] [8] [9] [10] was performed to seek for the least favorable response of a structural system under imposed constraints of uncertain-but-bounded parameters. Under the assumption of small uncertainty, a first-order interval perturbation method was applied to determine the influence of interval parameters on eigenvalues [11] and static displacements [12] of structures.
By taking into account the actual variation and dependency of uncertain parameters affecting the mass and stiffness matrices, the lower and upper bounds of the natural frequencies of a structure with uncertain-but-bounded parameters were evaluated [13] . To provide a measure for the individual influence of interval inputs on the range of the obtained interval outcome of structural systems, the interval sensitivity analysis was studied and applied to the envelope frequency response function analysis of uncertain mechanical structures [14] . To find the best ellipsoidal convex model fitting the given experimental data of uncertain parameters, a Gram-Schmidt orthogonalization procedure for rotation of the coordinate system was put forwarded [15] . To improve the efficiency in constructing the multidimensional ellipsoid, a correlation analysis technique was proposed [16] , providing a fundamental mathematical tool for convex modelling. For the same purpose, an equivalent semi-definite programming (SDP) formulation was given to determine the minimum-volume ellipsoid model, based on which a reliability-based topology optimization method was further developed [17] . A non-probabilistic reliability model was created for structures with convex model uncertainty, and two efficient computational methods, namely the first order approximation method (FOAM) and the second order approximation method (SOAM) were also formulated for this reliability model [18] . As two typical convex models for uncertainty quantification, the ellipsoid model and the interval model were compared for carrying out dynamic response analysis and buckling failure analysis of bars [19] . Recently, some variants of the traditional convex models were also developed, including the multi-ellipsoid model [20, 21] , the multidimensional parallelepiped model [22, 23] , the super-ellipsoidal model [24] , the convex model process [25] , etc. Also, the convex model approach presently has been applied in various areas in structural mechanics, such as finite element analysis [26, 27] , non-probabilistic reliability analysis [5, 18, [28] [29] [30] [31] , uncertain optimization [32] [33] [34] [35] [36] [37] , hybrid reliability analysis [38] [39] [40] [41] , etc.
Though as mentioned above some convex modelling methods have been successfully developed, overall research in this area is still very weak. So far, a systematical research on mathematical principles or fundamentals is still absent for uncertainty quantification of convex model approach.
For example, the lack of evaluation standards on convex modelling leads researchers to create models by following their own rules, in many cases causing the uncertainty analysis process complicated and confusing. From the view of engineers, the lack of mathematical evaluation criteria also makes it unclear that which kind of model is more appropriate to a specific problem. Furthermore, various convex models presently have been proposed in this area, but these models are given in quite different forms, to a large extent bringing about inconvenience to the application of convex model approach in practical engineering.
For the above reasons, a unified construction framework for convex models is proposed by introducing the correlation analysis technique; more importantly, an evaluation criterion for convex modelling methods is also suggested, which can be regarded as a test standard for subsequent newly developed models in this area. Specifically, the construction procedure of the multidimensional ellipsoid (ME) model and the multidimensional parallelepiped (MP) models are unified. In this way, the only differences between different models are the parametric correlation quantifications and the formulation of the Characteristic Matrices in their analytical expressions defined in this paper.
Subsequently, the mathematical property named as "unbiasedness" is proposed as a primary evaluation criterion for convex modelling methods, by which theoretic validity verification can be performed for different convex models. The reminders of this paper are then organized as follows:
in Section 2, two kinds of convex models considering correlation, namely the ME model and the MP models are discussed and a unified construction method is proposed. In Section 3, the evaluation criteria for verification of the convex modelling methods and the model assessment indexes for practical applications are proposed. Numerical examples are investigated in Section 4 before we draw conclusions in Section 5.
Two kinds of convex models considering correlation
Assume that there exist n uncertain parameters i X , 
where the superscripts I, L and U denote interval, lower bound and upper bound, respectively; 
which indicates the variation range of i X regardless of the values of other interval variables.
Specifically, the marginal interval [ 1, 1] I i X  is also called as a standard marginal interval; and the convex set with standard marginal intervals is called as a regularized convex set. Generally, in convex modelling approach, the primary task is to construct the uncertainty domain for interval variables with given marginal intervals.
If the interval variables are independent, the uncertainty domain of T 12 [ , , , ] n X X X  X , constitutes a hyper-rectangle
correlation exists among the parameters, generally a convex subset of  can be used to describe the uncertainty domain, such as the multidimensional ellipsoid (ME) model [2, 3] , the multidimensional parallelepiped (MP) models [22, 23] , etc. Given the marginal intervals 
denotes the vector of midpoints, and the Characteristic Matrix E G of the ME model is an invertible, symmetric positive-definite matrix, which determines the size and orientation of the multidimensional ellipsoid. As shown in Fig. 1(b 
Construction of ME model and MP model
In this section, a unified procedure for constructing the ME and the MP models is proposed. A correlation analysis technique [16] is introduced here, by which the enormous complexity existing in the construction of multidimensional convex models can be greatly alleviated. Firstly, the correlation quantification of interval variables in the ME model and the MP models are introduced, and then the analytical expressions of both models are given. Based on this, a unified construction procedure for non-probabilistic convex models is finally derived.
Regularization of interval variables
Given the marginal intervals 
For an n-dimensional problem the following matrix form can be used 1 () m X   U D X X (7) where 12 diag{ , , , }  by just an inverse transformation of that in Eq. (7).
Multidimensional ellipsoid (ME) model
The ME model depicts the uncertainty domain of two interval variables by an ellipse and that of n variables by an n-dimensional ellipsoid, as given in Eq. (3). Traditionally, the best ME model is identified as the one enveloping all the given experimental samples but has a minimum volume, which theoretically can be found by solving an optimization problem [16] . However, actually this "minimum volume method" can work well only for some simple problems with a small number of variables and less sample size. To overcome this difficulty, a correlation analysis technique was proposed for ME modelling in the authors' previous work [16] . Based on the correlation analysis technique, the ellipsoidal domain X  of a general n-dimensional problem can be efficiently created through transforming the n-dimensional problem into a set of bivariate sub-problems that are easy to deal with. Inspired by this correlation analysis technique, we will develop a unified convex modelling framework. Firstly, a concept for non-probabilistic correlation quantification of two interval variables is defined as follows. The stronger is the correlation between the pair of interval variables, the larger will be the absolute value of c r . For an ME model, the definition of CCC is given in the following way. where a denotes the semi-axis length of this ellipse in the axis of ij UU  , and b denotes the semi-axis length in the axis of ij UU  , as shown in Fig. 2(a) , in which the small circles represent the samples. 
For an n-dimensional problem with standard interval variables 
The proof is given in Appendix A. (14) in which X C is defined as the covariance matrix X X X  C D RD (15) From the above analyses, it is not difficult to find that the Characteristic Matrix E G of the multidimensional ellipsoid can be determined through 1 EX   GC .
Multidimensional parallelepiped (MP) model
Different from the ME model, the MP model utilizes a parallelogram to quantify the uncertainty of two interval variables and a multidimensional parallelepiped for multiple intervals, as shown in problems [22] , in which an affine coordinate system was employed to describe the uncertainty domain. It was improved in Ref. [23] and the analytical expression for MP model was successfully created. In this section, besides the improved model in Ref. [23] , several new MP models by using different correlation quantification methods are also proposed. Although different in quantifications of correlation and uncertainty, these MP models share the same mathematical expression, namely, Eq. (4), and can be constructed in a similar procedure. For this reason, in the following text we will
give detailed descriptions to one of the MP models and only brief introductions to the others.
MP-II model
The MP-II model is a further improved model basing on that proposed in Ref. [23] . The correlation between the two standard interval variables i U and j U is also quantified by a rhomb enclosing all the samples, but the CCC c r is redefined. 9), while the semi-axis lengths a and b are as shown in Fig. 3(a) .
The stronger is the correlation between interval variables i U and j U , the more compact will be the rhomb. Figure 3 shows the shapes of three (16) where    constitutes a vector or matrix composed by taking absolute value to each element of the vector or matrix inside. The nn  matrix S is referred to as Shape Matrix and defined as (17) The nn  matrix H is defined as the Core of Shape Matrix (CSM), which can be derived from the correlation matrix R. For the MP-II model, the CSM H is defined as the square root of the correlation matrix R, namely 12  HR (18) Here in the MP-II model, the CSM H is symmetrical and its computational method and algorithm can be referred to Ref. [42] . Specifically, when only two standard interval variables i U and j U are involved, the two-dimensional uncertainty domain depicted in Fig. 3 can be expressed as
which can be conveniently verified by its geometric characteristics. 
can be then derived by substituting Eq. (7) into Eq.
Thus, the Characteristic Matrix P G in Eq. (4) of the MP-II model can be determined as
As mentioned before, in this paper we will create and discuss several different MP models, and they depict the uncertainty domain by different shapes of multidimensional parallelepipeds.
However, the construction procedures of these MP models are similar. The only differences exist in two aspects, i.e., the quantification of correlation and the derivation of CSM. In the following, only the definitions of the CCC c r and the CSM H in other four MP models are presented.
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MP-I model
The MP-I model was originally proposed in Ref. [23] . Different from the MP-II model, the CCC c r in MP-I model is defined as
where a denotes the semi-axis length in the axis ij UU  and b denotes the semi-axis length in the axis ij UU  , as shown in Fig. 4(a) . The three 2-dimensional cases of the MP-I model presented in Fig. 4 correspond to those when the CCC c r equals to +0.6, 0 and −0.6, respectively. The CSM H used to construct the MP-I model is just the correlation matrix R, namely  HR (22) Note that although the MP-I model also uses a rhomb for correlation quantification, it differs with the MP-II model in definition of the CCC, which can also be illustrated by comparing Fig. 4 with the cases of the MP-II model in Fig. 3 .
Rectangular MP model
In the Rectangular MP model, the correlation between the standard interval variables 
Lower Triangle MP model (LTri-MP model)
In the LTri-MP model, the correlation between two standard interval variables i U and j U is quantified by a parallelogram as shown in Fig. 6 
where t denotes a half-length of the vertical side, θ denotes the included angle in the lower left of the parallelogram as shown in Fig. 6 (a), and sgn(· ) is the signum function. (25) where L is a lower triangular matrix.
Upper Triangle MP model (UTri-MP model)
The uncertainty domain of two interval variables i U and j U depicted by the UTri-MP model is shown in Fig. 7 
A unified construction procedure
From the above discussions we can find that different convex models can be employed for uncertainty quantification of the uncertain-but-bounded parameters. Based on the correlation analysis technique, a multidimensional uncertainty domain can be easily constructed only by correlation analyses for multiple bivariate problems; and the total number of the bivariate problems is 2 ( 1) 2 n C n n  . With the correlation matrix created, the analytical expression of a convex set-shaped uncertainty domain can be then determined simultaneously. A unified procedure is created to construct an ME or an MP model through a set of samples, and its diagrammatic sketch is provided in Fig. 8 . The construction procedure is summarized as follows:
Step Through the above procedure, a convex set depicting the parametric uncertainty can be obtained with the given experimental data. Although the present method cannot guarantee to produce an uncertainty domain with the minimum volume, it generally ensures to give a reasonable and useful uncertainty domain for a practical engineering problem. More importantly, through introducing the correlation analysis technique, the complex optimization problem existing in the traditional convex modelling methods is successfully avoided, and hence theoretically our construction procedure is applicable to high-dimensional problems. Also, in our framework, different convex models can be adopted for quantification of the parametric uncertainty, which provides a very flexible treatment in practical uncertainty analysis and reliability design.
An alternative to Convex Correlation Coefficient
It can be found that the correlation matrix plays a key role in the construction of a convex model.
In the above the correlation matrix is constituted by the CCCs between interval variables. To evaluate the CCC c ij r  between interval variables i U and j U , a 2D convex set, which can be an ellipse or a parallelogram enclosing all the bivariate samples with the minimum area, need to be obtained. To avoid finding this minimum convex set in the 2-dimensional parameter space, the Sample Correlation Coefficient (SCC) can also be used as an alternative of CCC and can furtherly simplify the uncertainty modelling process of convex models.
Definition of the Sample Correlation Coefficient (SCC) Definition 5. For interval variables
[ , ]
[ , ] 
On the left hand the subscript "s" represents "Sample Correlation Coefficient", while the superscript "s" on the right hand represents the sequence number of the experimental samples. Here c stands for a positive constant. Lemma 4 can be easily proved by the well-known Cauchy-Schwarz inequality [43] .
It should be pointed out that SCC provides a unified form for correlation measure of interval variables, since it is directly derived from the samples and has no relation with the type of the convex model. will be accordant with the corresponding value of the correlation matrix R in the analytical expression of the convex model. By setting 2 n  , the conclusion of Lemma 5 can be derived. Note that here the uniform distribution is a sufficient condition, rather than a necessary condition.
Comparison of SCC and CCC in convex modelling
Relationship
Differences
The main differences between SCC and CCC in convex modelling can be summarized into two points. Firstly, in most general cases where experimental samples are scattered uniformly, the SCC can approximate the CCC well, as shown in Fig. 9 . For a certain group of general samples, the CCC and the SCC-based two dimensional ellipsoid models are presented in Fig. 9 
Model evaluation criteria and assessment indexes
The validity verification of a newly proposed modelling method is generally required before it is applied to practical engineering problems. After that, when the convex models are applied to practical applications, the assessment of the above ME and MP models for a specific uncertain 13 problem is also necessary. Therefore in this section, a theoretic evaluation criterion for validity verification and two model assessment indexes for practical applications are proposed. Specifically, from the theoretical analysis level, the concept of "unbiasedness" is proposed, which can be regarded as a test standard for newly developed modelling methods. From the practical application level, the index "fitness" is proposed to quantify adaptability of a constructed convex model for a specific uncertain problem with given experimental samples; besides, the "volume ratio" reflecting the volume of the constructed uncertainty domain is also provided. From Definition 6 we know that, "unbiasedness" is a property which evaluates the ability of a convex modelling method to restore the actual uncertainty domain. Through analysis, we summarize the unbiasedness properties of the convex modelling methods discussed in this paper as shown in Table 1 . It can be observed that, with regard to ME model, the uncertainty modelling methods based on CCC or SCC are both unbiased; while for MP-I model, they are both biased.
A theoretic evaluation criterion
From the penultimate column we see that the CCC-based construction method is biased for all of the MP models, while from the last column it can be found that the SCC-based construction method is unbiased for all the convex models except for the MP-I model. Proofs are given in Appendix B. It should be pointed out that although in the proofs the uncertain parameters are assumed to be uniformly distributed in the convex set when evaluating the unbiasedness of the SCC-based method, as mentioned before, it is just a sufficient condition rather than a necessary one. If the samples are sufficient and uniformly scattered within the uncertainty domain, from Appendix B and Table 1 we know that an unbiased convex modelling method can restore this uncertainty domain completely. In practical problems, the experimental samples may not be sufficient or may not be uniformly scattered, and in these cases the presented unbiased convex modelling methods generally can 14 provide an acceptable approximate solution due to the unbiasedness property.
To certain extent, the proposed unbiasedness property actually provides a mathematical criterion for validity verification of a convex modelling method, from the theoretic analysis level. By Table 1 , the following three presumptions can be made. Firstly, to construct a convex model through the SCC-based correlation analysis technique will theoretically perform better than the CCC-based ones if the samples are relatively uniform. Secondly, the ME model may show better properties in application because that both the CCC and the SCC-based methods can lead to unbiased results.
Thirdly, the MP-I model may not work well for practical problems since it does not satisfy the unbiasedness property no matter which kind of correlation coefficient is used.
Model assessment indexes
Fitness
Given a group of uncertain parameters with experimental samples, different convex models can be constructed to depict the uncertainty domain. For different kinds of uncertain problems, the convex models may present with different adaptabilities, and it is possible that not all these models can perform well for the uncertain parameters with given samples. Therefore, to quantify the fitting degree of a convex model to the given samples, the concept of "fitness" is suggested for model assessment in convex modelling, by which we aim to find those convex uncertainty domains enclosing as many samples as possible. 
Volume ratio
Traditionally, the best convex model is identified as the one which contains all given experimental samples but has a minimum volume [15] . By our proposed convex modelling methods, the index "fitness" is utilized to judge whether all the samples are enclosed within the constructed uncertainty domain. Besides this, to have an understanding of the volume of the constructed domains, herein the "volume ratio" is furtherly defined as a reference index for the constructed convex models with satisfactory fitness. Additionally, the standard volume ratio  is defined as n   (30) The volume ratio  can be regarded as a ratio of the valid domain when considering correlation between interval variables to the multidimensional box without consideration of correlation. The standard volume ratio  is defined to eliminate the influence caused by the dimension n.
In this paper, the ME model and the MP models to be constructed can be expressed by Eq. (14) and by Eq. (20) , respectively. The volume of the hyper-rectangle  is
For the ME model, the volume of the uncertainty domain expressed by Eq. (14) is (32) in which A is the volume of an n-dimensional standard sphere with a unit radius [ 
Numerical examples and discussions
In this section, four examples on construction of different convex models are investigated. In the first one, the convex models for three standard interval variables with hypothetical samples are constructed and compared. In the second one, a geotechnical engineering problem with uncertain material parameters is considered, and both the ME and the MP-II models are applied for uncertainty quantification of uncertain parameters. Finally in the last two examples, the proposed models are applied in the stress analysis of a cantilever beam and the thermal analysis of augmented reality glasses.
A three-dimensional problem
In this example, three uncertain parameters 1 X , 2 X and 3 X with 20 groups of hypothetical samples are assumed to have been regularized to standard interval variables 1 U , 2 U and 3 U ; corresponding transformed samples are listed in Table 2 . Since that the uncertainty domain
can be easily obtained from that of
by use of the transformation in Eq. (7), in the following the construction of uncertainty domain U  of U is focused on. Different convex models are utilized for quantification of the uncertainty. In the first part, we consider to use the CCC in the creation of the correlation matrix, and subsequently formulating the mathematical expression of U  . In the second part, the constructions are performed based on the SCC-formulated correlation matrix.
Construction based on CCC-formulated correlation matrix
Firstly, the ME and the MP models are constructed based on the CCC-formulated correlation matrices. The results and the 3D figures are presented.
a) Multidimensional Ellipsoid model-based uncertainty quantification
To create the correlation matrix, three ellipses that quantify the correlation between each pair of interval variables are obtained. By definition of the CCC in ME model as Eq. (9), the CCCs are calculated as shown in Fig. 11 . Then the correlation matrix can be obtained as 
In Fig. 12 , the 3D figure of the constructed ellipsoid-shaped domain and its projections on different planes are presented. The projections are ellipses, and they reflect the correlations between the uncertain parameters U 1 and U 2 , U 1 and U 3 , U 2 and U 3 , respectively. From Lemma 2 we can also get the analytical expressions of these projections as in the following, which is accordant with the ones created for correlation evaluation as shown in Fig. 11 . In Fig. 12 
b) Multidimensional Parallelepiped model-based uncertainty quantification
In this part, different MP models are utilized for convex modelling, through the CCC-formulated correlation matrix.
(5) MP-II model
Similar to the construction of the ME model, as shown in Fig. 13 
The mathematical expression of the parallelepiped-shaped uncertainty domain U  can be then formulated by Eq. (16) 
The 3D uncertainty domain is plotted in Fig. 14. And the fitness is obtained as 17 20   , indicating that totally 17 samples among the 20 are enclosed within the constructed domain; the volume ratio is 9.17%   , and the standard volume ratio is 45.10%   .
In the same way, the other MP models can also be efficiently constructed. The constructed 3D uncertainty domains and their 2D projections are provided in Fig. 15 . To some degree, the projections can be recognized as good reflections of the correlations between uncertain parameters.
Information on the fitness, the volume ratio and the standard volume ratio is listed in Table 3 . From the results in Table 3 it can be seen that none of the convex models constructed through the CCCs can enclose all the given samples.
Construction based on SCC-formulated correlation matrix
In the above section, the convex models are constructed through the CCC-formulated correlation matrix. As explained previously, the SCC is also an optional tool for correlation quantification by which the correlation matrix can be created in the same way. Subsequently, the mathematical expression of the convex uncertainty domain of the interval variables can be formulated. Regardless of which type of convex model will be selected, the SCC-formulated correlation matrix is unified since that the SCCs are derived from the samples directly. From the samples listed in (40) With the correlation matrix R, the uncertainty domain U  of the standard interval variables U can be constructed by following Eq. (12) (for ME model) or Eq. (16) (for MP model). The uncertainty domains depicted by different convex models are presented in Fig. 16 ; and relevant index results are listed in Table 4 . From figures in Fig. 16 or the fitness values listed in the second column of Table 4 .
It can be found that firstly, the ME model, the MP-II model and the UTri-MP model constructed though the SCC can enclose all of the given samples; secondly, for these convex models enclosing all the samples, their volumes differs a lot. Such as for ME model and MP-II model, the volume ratios are 27.86% and 17.33% respectively, indicating that the volume of the ellipsoid-shaped convex uncertainty domain is much larger than the one depicted by the MP-II convex domain.
Therefore, it is likely that in this case the MP-II convex model will be more accurate and suitable to quantify the uncertainty of the uncertain parameters U 1 , U 2 and U 3 . Furthermore, it is also observed that the MP-I model constructed through the SCC performs badly for the given samples, because only 5 among the 20 samples are enclosed within the constructed convex set. This phenomenon is in fact caused by the biasedness mathematical property of the MP-I model constructed through the SCC-formulated correlation matrix, as illustrated in Table 1 .
By comparing the performances of the CCC-and the SCC-based models constructed in this example, one can find that the SCC-based ones adapts the given group of samples better than the CCC-based models; however, except for the MP-I model. Indeed, for most practical problems, the SCC-based models exhibit better adaptabilities. Nevertheless, we cannot make the conclusion that the SCC-based model is absolutely better, since that there are always different circumstances among the complicated engineering problems; for example, the geotechnical engineering problem as presented in the following section.
A geotechnical uncertainty problem
The material parameters of rock and soil masses are often variables with uncertainty. They are mutually dependent because of their interaction between each other. Recognition and quantification of the correlation between these physical and mechanical parameters of the rock and soil masses have important theoretical and practical significance in geotechnical engineering. However, as we all know, the experimental samples of geotechnical parameters are rare and costly to obtain in practical engineering. Therefore, in general it is difficult to quantify the correlation and uncertainty of the material parameters with very limited samples by traditional statistical or probabilistic techniques.
Researches indicate that, the residual strength of the argillation intermediate layer such as shale
and marlstone in karst region generally has strong dependence on parameters such as clay content, liquid limit, plasticity index, specific surface area, carbonate content, etc. The experimental samples are obtained as listed in Table 5 [44] . By theory of geotechnical engineering we know that some of the parameters can have obvious cross influences on each other. For lack of enough experimental samples, in this example we expect to quantify the correlation between the material uncertain parameters by the proposed convex modelling method, thus providing a quantitative description for their uncertainty domain. The variation intervals of these parameters are set as listed in Table 6 .
The ME and the MP-II models are constructed for description of the uncertainty domain for these uncertain parameters; both the CCC and the SCC are considered for creation of the correlation 19 matrix. The results are obtained as shown in Table 7 . From Table 7 we known that the ME model with CCC-formulated correlation matrix adapts this problem well, because that all of the 10 experimental samples can be enclosed within the constructed ME-shaped domain. The correlation matrix R of the uncertain variables These results agree with that of the qualitative analysis to a certain extent, and illustrating the effectiveness of our proposed convex modelling methods vigorously.
From Table 7 it can also be observed that for this practical problem, the uncertainty domains depicted by the MP-II model and the SCC-based ME model are not able to provide satisfactory solutions. Both the CCC and the SCC-based MP-II models can enclose none of the 10 experimental samples, which are extremely unacceptable in this case. And even though the CCC-based ME model performs very well for this problem, the ME model constructed through the SCC fits the samples badly. Therefore, in practical applications, it cannot be recognized that some of the convex models are definitely better than the others. For specific problems, the most appropriate model should be adopted by using the model assessment indexes.
A cantilever beam problem
In this example the quantification of the uncertain parameters and the non-probabilistic reliability analysis of a cantilever beam as shown in Fig. 17 are investigated [18] . The maximum stress at the 20 fixed end of the cantilever should be less than a yield strength S, and the limit-state function can be expressed in the following form , respectively. This shows that firstly, the valid domain of uncertainty  takes a relatively small part of the box  determined by independency assumption of the interval variables, illustrating again the necessity of consideration of the parameter correlation. Secondly, it can also be recognized that the ME model is more adaptable to the geometric parameters in this problem, since that the ellipsoid-shaped domain is smaller in volume than the parallelepiped. With the ME or the MP-II convex uncertainty domain obtained, subsequent uncertainty analyses such as non-probabilistic reliability analysis [16, 18, 28, 29] can be then carried out. Herein we employ the non-probabilistic reliability index to evaluate the reliability degree of a structure under uncertainty, which represents a minimal distance from the original point to the limit-state surface in a standardized space [16, 29] . Note that the distance metric in the corresponding standardized space for the ME model and the MP model are defined by the Euclidean norm and the infinity norm respectively. For this cantilever beam stress analysis, take the constructed ME uncertainty domain as an example, the non-probabilistic reliability index is evaluated by the method given in Ref. [16, 28] . The non-probabilistic reliability index of the stress of this cantilever beam is computed as 2.0 E   , indicating safety of the beam structure subjected to the loads in all uncertain cases of the sizes.
An augmented reality glasses problem
Augmented reality glasses (AR glasses) [45, 46] is a kind of smart wearable device developed recently. Because it integrates the computing, communication, positioning, photography and many other functions, this kind of high-tech equipment exhibits essential application potential in different critical areas such as education, healthcare, security and aerospace etc. Similar to the other smart wearable devices such as the smart bracelet and the balance bike, various design requirements need to be considered in the structural design process of the AR glasses, especially for the comfortability and safety.
In this example, the AR glasses as shown in Fig. 18(a 
The fitness of the constructed model is 54 56
 
, indicating an acceptable convex modelling for uncertainty of the parameters.
To guarantee the operating safety of the user and the normal operation of the AR glasses, the temperatures of the controller at region A and region B are required to be under a certain value.
Therefore herein the non-probabilistic reliability analysis on the temperature of the controller is carried out for the AR glasses. The numerical simulation model of the controller is presented in Fig.   19 ; figure 19 (a) shows the surface temperature of the shell by a sampling simulation, and Fig. 19(b) shows the temperature of the circuit board. 
In the above temperature response functions [46] . Results show that the operating temperatures of the controller will always meet the temperature requirements since that the non-probabilistic reliability indexes are both greater than 1. If any of the reliability doesn't meet the requirement, the structural parameters such as the sizes and the power dissipation may need to be redesigned.
Conclusions
In this paper, a unified framework for construction of the non-probabilistic convex models is proposed for uncertainty quantification of structural uncertain parameters. Two kinds of convex models that could take correlation into consideration, namely the multidimensional ellipsoid (ME) To provide a theoretic evaluation criterion for validity verification of the modelling methods, the concept of "unbiasedness", which can be regarded as a test standard for subsequent newly proposed convex modelling methods is advocated. With the evaluation criterion of "unbiasedness", the validities of the ME model and the MP models constructed through the CCC and the SCC-formulated correlation matrices are verified. Through theoretic analysis, it is found that the ME model possesses better property, while the MP-I model is proved to be an invalid convex model. 23 To evaluate the applicability of convex models to a specific problem, two model assessment indexes, namely, the "fitness" and the "volume ratio", are also given. The index "fitness" is used to quantify the adaptability of a constructed convex model for a specific uncertain problem with given experimental samples, by which engineers can judge how well the model fits for the samples. The "volume ratio" is provided as a reference index that reflects the volume of the constructed uncertainty domain.
In numerical examples, the convex models are constructed and compared for uncertainty quantification. As illustrated by our theoretic analysis, it is verified that for general cases the SCC-based convex models can perform better than the CCC-based ones. But it is not absolute in all circumstances; as an exceptional case, the geotechnical engineering problem with uncertain material parameters is also given, for which only the CCC-based ME model can fit the parametric uncertainty well. Therefore, in practical we suggest to select the most appropriate model for a specific problem, according to the indexes such as "fitness" and "volume ratio". Finally, the convex modelling approach and subsequent non-probabilistic reliability analysis are successfully applied to the stress analysis of a cantilever beam under geometrical uncertainties and the temperature response analysis of a pair of AR glasses under operation condition uncertainties. 
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